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Abstract 

We consider 5-manifolds with a contact form arising from a hypo structure [5], which we call 
hypo-contact. We provide existence conditions for such a structure on an oriented hypersurface of 
a 6-manifold with a half-flat 5'l7(3)-structure. For half-flat manifolds with a Killing vector field X 
preserving the 5*?7(3)-structure we study the geometry of the orbits space. Moreover, we describe 
the solvable Lie algebras admitting a hypo-contact structure. This allows us to exhibit examples of 
Sasakian 77- Einstein manifolds, as well as to prove that such structures give rise to new metrics with 
holonomy SU(3) and G2. 



1 Introduction 

Recently, Conti and Salamon introduced in 9 hypo structures on 5-manifolds as a generalization in 
dimension 5 of Sasakian-Einstein metrics; indeed, Sasakian-Einstein metrics correspond to Killing spinors 
and hypo structures are induced by generalized Killing spinors. In terms of differential forms, a hypo 
structure on a 5-manifold N is determined by a quadruplet (77, Wj, 1 < i < 3) of differential forms, where r\ 
is a nowhere vanishing 1-form and u>i are 2-forms on N satisfying certain relations (see ((3J in Section [2|) . 
If the forms 77 and u)% satisfy 

drj = —2^3, duj\ = 3rj A 0J2, du>2 = — 3rj A u>i, 

then N is a Sasakian-Einstein manifold, that is, a Riemannian manifold such that N x R with the cone 
metric is Kahler and Ricci flat [2]. Thus N x R has holonomy contained in SU(3) or, equivalently, it 
has an integrable S , C/(3)-structure which means that there is an almost Hermitian structure, with Kahler 
form F, and a (3, 0)-form \P = ^+ + i\I r _ on TV 5 x R satisfying dF = d^ + = d^- = 0. In the general case 
of a hypo structure, in [9j it is proved that a real analytic hypo structure on a real analytic 5-manifold 
N can be lifted to an integrable S[/(3)-structure on N x I, for some open interval / or equivalently that 
(r],U!i, 1 < i < 3) belongs to a one-parameter family of hypo structures (r)(t), u>i(t), 1 < i < 3) satisfying 
the evolution equations ([6]) given in Section [2j Without assuming real analyticity no general result is 
known. Conversely, any oriented hypersurface of a 6-manifold with an integrable SU (3)-structure is 
naturally endowed with a hypo structure (see Section [2] for details) . 

In general, for a hypo 5-manifold the 1-form r\ is not a contact form. In this paper we deal with 5- 
manifolds N having a hypo-contact structure, that is, a hypo structure (77, cji, u>2, ^3) such that ^77 = — 2^3, 
so 77 is a contact form on N. Such structures were considered by Conti in [5] and by Bedulli and Vezzoni 
in [2], where an explicit expression for the Ricci and scalar curvature is given in terms of torsion forms 
and its derivatives. 

If we weaken the integrability condition of the Sf(3)-structure (F, on the 6-manifold M 

to be half-flat in the sense of [7], i.e. F A F and ^+ are closed, Hitchin in [13] proved that there is a 
G2-structure on M x / with holonomy contained in Gi if the half- flat structure (F, is such that 

certain evolution equations admit a solution (F(t), ty + (t), ^-(t)), for all real parameter t lying in some 
interval /, with F(0) = F, *+(0) = and *_(0) = 

Regarding hypo- contact structures, in Theorem 12 . 51 we provide conditions which imply that there is a 
hypo-contact structure on any oriented hypersurface / : N — ► M of a half-flat manifold M; and when 
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M has a Killing vector field preserving the S'?7(3)-structure, we study the geometry of the orbits space. 
Moreover, in Proposition 12.21 we show how to lift a hypo structure on a 5-manifold N to a half-flat 
structure on the total space of a a circle bundle over N. 

Our main results concern solvable Lie groups of dimension 5 with a left-invariant hypo-contact struc- 
ture. In particular, using such structures and solving the corresponding evolution equations, we construct 
new metrics with holonomy SU(3) and G^. In Section [3] the classification of solvable Lie algebras with a 
hypo-contact structure is given, showing the following theorem. 

Theorem 1.1 A 5- dimensional solvable Lie algebra admits a hypo-contact structure if and only if it is 
isomorphic to one of the following: 

f)i : [_X"i,JCi] = [A^j-X^] = X5; 

f)2 : ^[X'i,^] = [^2,-^3] = -Xj.) [X^Xy = X 2 , [X3,Xr,] = X3, [X^Xs] = —3X4; 

f)3 : |[X"i,Xt] = [X'2,XT 3 ] = Xi, 1X2^X4} = [^3,^5] = X2, [X 2l X 5 ] = — [XT 3 ,X 4 ] = — X3; 

f)4 : [Xl,Xi] = Xi, [X 2 ,X 5 ] = X 2 , [X" 3 ,Xt] = [XT 3 ,X" 5 ] = — X 3 ; 

f)5 : [•X'lj-XsJ = [^27X^4] = XTi, [X3, X4] = X 2 , [X3, X5] = — XT 3 , [X4,Xg] = X4. 

Therefore, all of them are irreducible and \)\ is the unique nilpotent Lie algebra having a hypo-contact 
structure. In [TT] Diatta gives a list of solvable contact Lie algebras in dimension 5 and he shows that, up 
to isomorphism, there are three nilpotent contact Lie algebras of dimension 5. By [9] only two of these 
nilpotent Lie algebras have hypo structures. Since the center of the Lie algebras tj 2 , ■ ■ ■ , f)s is trivial, we 
conclude that there are many 5-dimensional solvable contact Lie algebras with no hypo-contact structures. 

In [9] Theorem 14] it is proved that a hypo structure is Sasakian if and only if it is 77-Einstein [5] [15] . 
The Lie algebras described in Theorem 11.11 cannot be Einstein because they are solvable and contact 
[llj . In Section [H we study which of these Lie algebras are ry-Einstcin or, equivalently, Sasakian. We 
show that the only 5-dimensional solvable Lie algebras admitting a hypo-contact 77-Einstein structure, 
are f)i and t) 3 (Proposition Concerning contact Calabi-Yau structures recently introduced in [IB], in 
Proposition ^. 51 it is proved that there are no 5-dimensional solvable non-nilpotent Lie algebras admitting 
such a structure. 

In Section [5] we solve the Conti-Salamon evolution equations for the left-invariant hypo-contact struc- 
ture on the simply connected solvable Lie group if, (1 < i < 5) whose Lie algebra is \)i. More concretely 
we obtain the following result. 

Theorem 1.2 Any left- invariant hypo-contact structure on the 5-dimensional solvable Lie group Hi (1 < 
* < 5) gives rise to a metric with holonomy SU(3) on Hi x /, for some open interval I . 

This theorem is an existence result; in fact, our metric is explicit only for the left-invariant hypo- 
contact structure on the nilpotent Lie group H\ , recovering in this way the well-known example obtained 
in [T2]. 

Finally, Section [6] is devoted to show the existence of new metrics with holonomy G 2 . To this end, 
using Proposition 12. 2i we consider the circle bundles over Hi (1 < i < 5) whose total space Ki has a half- 
flat structure induced by the left-invariant hypo-contact structure on Hi. Solving the Hitchin evolution 
equations, we prove the following theorem. 

Theorem 1.3 The half-flat structure on Ki (i = 1,4,5) gives rise to a metric with holonomy G 2 on 
Ki x /, for some open interval I. 

We must notice that the above metric on K 1 x / agrees with the one obtained in [6]. However, as far 
as we know, the other metrics on Ki x I (i — 4, 5) are new and, as we explain in Section [6] they can be 
considered as a "deformation" of the metric with holonomy G 2 found in [6]. 

2 Hypo-contact structures 

In this section, we study 5-manifolds with a hypo-contact structure, that is, a hypo structure in the sense 
of [9] carrying a contact form. We prove that there exists such a structure on any oriented hypersurface 
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of an special half-fiat manifold, namely, such that the Kahler form is preserved by the normal vector 
field and its differential is equal two times the real part of the (3,0)-form. First we need to recall some 
properties of hypo structures on 5-manifolds. 

Let iV be a 5-manifold with an 5'?7(2)-structure (77, u>i, u>2, that is to say [9], 77 is a nowhere 
vanishing 1-form and u>i are 2-forms on N satisfying 

(1) u>i A ujj — 5ijV, v A 77 7^0, 
for some nowhere vanishing 4-form v, and 

(2) i x uj 3 =i Y ui => u>2(X,Y) > 0, 

where ix denotes the contraction by X. 

An 5J7(2)-structure determined by (j), u>x, u>2, i^a) is called hypo if the following equations 

(3) dw 3 = 0, d(r)Au 1 ) = 0, d(r]Auj 2 )=0 
are satisfied [9]. 

Definition 2.1 We say that an S'i7(2)-structure (77, uj\, ui 2 , ^3) on a manifold N is hypo-contact if it 
satisfies 

di] = -2o> 3 , d{rj A uji) — 0, d(r] A UI2) = 0. 

Regarding the intrinsic torsion of these 5'C/(2)-structures, we recall that in Proposition 10 of [5], it is 
proved that the hypo structures are the SU (2)-structures whose intrinsic torsion takes values in the space 
2M©A 1 (R 4 )*©3A^(M 4 )*. Now, one can check that the hypo-contact structures are the S'[/(2)-structures 
whose intrinsic torsion lies in the SU (2)-modu\e 

2R® 2A 2 _(R 4 )*. 

An S£/(2)-structure on N induces an S'C/(3)-structure (F, on N x M defined by 

(4) F = uj 3 + 77 A dt, * = + = (u\ + iuj 2 ) A (77 + idt), 

where t is a coordinate on M. Vice versa, let / : N — > M be an oriented hypersurface of a 6-manifold 
M with an 5't/(3)-structure (F, and denote by U the unit normal vector field. Then N has an 

S'C/(2)-structure (77,(^1,^2,^3) given by 

(5) 77 = —iwF, u 3 = f*F, wi=iu*_, uj 2 — -«u*+. 

If M has holonomy contained in SU(3), that is, if the S't r (3)-structure (F, ^> + , $_) is integrable or, 
equivalently, 

dF = = = 0, 

any oriented hypersurface N of M is naturally endowed with a hypo structure [9]. Indeed, the conditions 
dF = d^ + = =0 imply that the induced S'C/(2)-structure on N defined by © satisfies If in 
addition the Lie derivative C\jF is equal to 2f*(F), then the induced SC/(2)-structure is hypo-contact. 

Concerning the converse, Conti and Salamon [pj prove that a real analytic hypo structure on a real 
analytic 5-manifold N can be lifted to an integrable S'?7(3)-structure on N x I, for some open interval 
I. More precisely, they show that if (77, lo\, 0J2, oj 3 ) belongs to a one-parameter family of hypo structures 
(77(4), Wi(t), u>2(t)i w 3(i)) satisfying the evolution equations 

!d t io 3 = -drj 
d t (ui2 A 77) = dui 
d t (uj 1 A 77) = -du 2 , 

for all t lying in some open interval /, then the 5C/(3)-structure (F, \I/ ) on N x I given by 

F = n(t) A dt + u 3 (t), * = + = (u>x(t) + kj 2 (i}) A (<q{t) + idt)) 



is integrablc. 

In Section [5] we shall back to the equations ^ . Now, we weaken the integrability condition of the 
St/(3)-structurc (F, on M to be half-flat in the sense of [7], that is d(F A F) = = 0. First 

we show how to lift a hypo structure on a 5-manifold N to a hal-flat structure on the total space of a 
circle bundle over N. 

Proposition 2.2 Let N be a 5-manifold equipped with a hypo structure (rj, u)\, u>2, W3). For any integral 
closed 2-form Q on N annihilating both lo 3 and cos#a>i + sin 9lu 2 for some 9, there is a principal circle 
bundle 7r: M — ► N with connection form p such that fl is the curvature of p and such that the Sub- 
structure (F , i H~L., i £_) on M given by 

F 9 = tt*(cos6»wi + sin6»w 2 ) + tt* (77) A p, 

V e + = 7r*((- sin 9w\ + cos9to 2 ) A 77) - ir*(tu 3 ) A p, 

* 9 = 7r*(-sin6»wi +cos6»w 2 ) Ap + 7r*(w 3 ) Avr*(?7), 

is half-flat. 

Proof : Since dp = 7T*(0), a simple calculation shows that 

d(F e A F e ) = -2n*(r)) A tt*((cos 9 wi + sin 9 lj 2 ) A 0) = 0, 

and 

d(*5-) = -7r*(w 3 An) = 0. 

The existence of a principal circle bundle in the conditions above follows from a well known result by 
Kobayashi [T3]. \QED\ 



Remark 2.3 Notice that CI = satisfies the hypothesis in the previous proposition for each 9 and one 
gets the trivial circle bundle M = N x R with the half-flat structure which is the natural extension to 
M of the hypo structure on N. In Section [6] we show non-trivial solutions on circle bundles over solvable 
Lie groups with a hypo-contact structure. 

As a consequence of Proposition 12.21 we have 

Corollary 2.4 Let N be a 5-manifold with a hypo-contact structure (77,^1,(^2,^3)- For any 9, let us 
consider the half- flat structure on N xl defined in Provosition \2. 2\ Then, 

i v {dF 6 - 2^> e + ) = 0, 

where U denotes the vector field on R dual to p = dt. 

Proof : Clearly dF e — {cos9du>\ + sm9du 2 ) ~ 2^3 A dt, since drj = —2lu 3 . So, i\jdF e — —2w 3 — 2i^ e + , 
which proves that i v {dF e - 2^> 6 + ) = 0. \q^d\ 

Theorem 2.5 Let M be a 6-dimensional manifold endowed with a half-flat structure (F, Let 
f : N — ► M be an oriented hypersurface of M . Denote the unit normal vector field by U. Suppose that 

(7) dF = 2*+, C V F = 0, 

where C denotes the Lie derivative. Then, the forms (j), u>i, u>2, 1^3) on N given by 

(8) <q = —i v F, wi = -iD*_, u 2 = f*F, u 3 = 
define a hypo-contact structure on N. 



4 



Proof : Equations ijHJl imply /*('!'+) = — u>i A 77, so that uj\ A 77 is closed if the 5'?7(3)-structure is half-flat. 
Using again ([5]), we have 

dr) = -d(i v F) = i v dF - C V F = i v dF = 2i v ^f + = -2u 3 , 

since C V F = and dF = 2f+. 

To complete the proof, we notice that du)i = f*(dF) = 2f*(^>+) — —2oji A 77. Therefore, d(u>2 A rf) = 
duj 2 A 77 + lu 2 A drj = 0. lQ-E.Pl 

An example of a 6-manifold satisfying the conditions of the Theorem 12.51 is the compact nilmanifold 
defined by the equations 

efe ,; = (l<i<4), de 5 = -2e 14 - 2e 23 , de 6 = -2e 13 + 2e 24 , 

with the half-fiat structure (i* 1 , \?_) given by 

F = e 12 + e 34 + e 56 ; ^ +=e 135_ e 146_ e 236 _ e 245 ; ^ = e 136 + e 145 + g 235 _ e 246 

Consider the 5-submanifold whose unit normal vector field is the dual to — e 6 , that is, the 5-dimensional 
compact submanifold determined by the equations de 1 = (1 < i < 4), de 5 — — 2e 14 — 2e 23 . Then, the 
equations dF = 2^ + and = are satisfied. 

Proposition 2.6 Let M be a 6- dimensional manifold endowed with a half-flat structure (F, ^ + , -) , 

and let f : N > M be an oriented hyper surf ace of M . Denote the unit normal vector field by U. 

Suppose that 

(9) 5 (VuU,X) = 0, Aj*+ = 0, 

for any vector field X on N. Then, the forms (77, uii, u>2, ^3) on N given by ([5]) define a hypo structure 
on N. 

Proof : Proceeding as in Theorem 12. 51 we see that d{u)i A 77) = 0. Moreover, taking account ((HJ, we have 
dui3 = — d(iuty+) = i\jd'$' + — £0^+ = because both terms vanish. Therefore, only it remains to prove 
that d(u>2 A 77) = 0. 

Denote by p the 1-form on M dual to the normal vector field U, and by X(M) the Lie algebra of the 
vector fields on M. Then, the restriction 3E(MW to N of X(M) is the direct sum 

X{M) lN = X(N)®V. 

Firstly, we see that, for any vector fields X, Y on N, dp(X,Y) = dp(U,X) — 0. In fact, we have 

(10) dp(X, Y) = Xp{Y) - Yp(X) - p[X, Y] = 0. 
Also, for any vector field X on TV, we get 

(11) dp(U, X) = Vp(X) - Xp{U) - p[V, X] = -p[U, X] = 0, 
since the normal component of [U, X) is 

<?(U, [U, X]) = g(V, V V X - V X V) = g(V, V V X) = ,g(VuU, X) = 0. 

From equations ((HJ) it follows that F = 0J2 + r\ A p. Now from (flQ|) . (TTT|) and using that L02 A duo2 — 0, we 
get 

= d(F A F) = 2(uj 2 A duj 2 + d(uj 2 A 77) A p - oj 2 A 77 A dp) = 2d(oj 2 A 77) A p, 
which implies that d(uj2 A 77) = 0. \QED\ 

To finish this section, we consider S'C/(3)-structures on a manifold with a Killing vector field X 
preserving the S'C/(3)-structure, and we study the conditions under which the S'C/(3)-structure induces 
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a hypo-contact structure {f},u>i) on the 5-submanifold N determined by X as follows. Let M be a 6- 
dimensonal manifold endowed with an 5C/(3)-structure (F, \&+, V I / -), and let X <E X(M) be a Killing 
vector field on M which preserves the S'?7(3)-structure, that is X is an infinitesimal isometry satisfying 

C X F = Q, C x ^+ = 0, C x ^- = 0. 

In a suitable neighborhood of any point p of M where X p ^ 0, let us denote by N the 5-dimensional 
manifold formed from the orbits of X . 
Let x be the function given by 

(12) x = g{X,X?l 2 , 

where g denotes the Riemannian metric on M determined by the SU (3)-structure. Since X is a Killing 
vector field, we have that Cx{x) = 0, so the function x descends to a function on TV which we denote 
again by x. 

On the other hand, let us define a 1-form a on M by 

(13) a(Z) = -^g(Z,X), 

for any Z € X(M). Observe that a(X) = 1. The form a is also invariant by X; in fact, since £ja = 
ixda + dixOi, it suffices to see that (ixda)(Z) = for any vector field Z £ X(M). But 



(i x da)(Z) = da{X, Z) = X(a(Z)) - a([X, Z\) = C x (J^ g(Z, X)j - -1 g{£ x Z, X) 
= C x (\) g(Z,X) + ^C x (g(Z,X))-^g(C x Z,X) = 0, 

because X is Killing and dx(X) = 0. Therefore, a descends to a 1-form on N which again we denote by 
the same letter. 

Lemma 2.7 In the above conditions, the quadruplet of differential forms (77,0^1,^2,^3) given by 
(14) rj = -i x F, uj\ = xix(F A a), uj 2 = ix^-, uj 3 = -i x ^+ 1 

defines an SU (2) -structure on N, where x and a are the function and the 1-form on N induced by ((12)) 
and (|13| . respectively. 

Proof : First we show that the Lie derivative of the forms i X F, xix(FAa),ix^- and ix^+ with respect 
to X is zero, so these forms descend to forms on N. In fact, since X preserves the S'C/(3)-structure we 
have 

Cx{ixF) = i x {di x F) = ix(CxF) = 0, 

C x (xi x (FAa)) = {C x x)i x (F Aa) + x(£ x ix(F Aa)) = 0, 

C x (ix^±) = i x (dix^±) = i x {£x^±) = 0. 

Now it remains to see that (rj,LOi) defines an S'C7(2)-structure. Let Eg — -X be the unitary vector field in 
the direction of X. We can consider a local orthonormal basis E\, . . . ,Eq such that the 5'C/(3)-structure 
expresses in terms of the dual basis e 1 , . . . , e 6 as follows 

F = e 12 + e 34 + e 56 , * + = ( e *3 + _ (g i4 + $ _ = (p i4 + e 2 3)e 5 + (e i3 + e 42 )e e _ 

Notice that a = ^e 6 . Therefore, locally we have 

rj = -i x F = -i X E 6 (e 12 + e 34 + e 56 ) = xe 5 , 

wi = xi x (F A a) = i xE6 (e 126 + e 346 ) = x(e 12 + e 34 ), 

uj 2 = i x (*_) = i xEe {{e u + e 23 )e 5 + (e 13 + e 42 )e 6 ) = x{e 13 + e 42 ), 

^3 = -**(*+) = -ixE 6 {{e 13 + e 42 )e 5 - (e 14 + e 23 )e 6 ) = x{e u + e 23 ), 

and thus (77, w$) is an S'[/(2)-structure. \QED\ 
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Theorem 2.8 Let M be a 6-manifold in the conditions of Lemma \2.7\ Suppose that X is a Killing vector 
field of constant lenght, preserving a half-flat SU{i)- structure on M and satisfying daAix^+ = 0. Then 
the structure on N given by (| 14[) is hypo. If in addition i x {dF — 2^ + ) = 0, the SU (2) -structure on N is 
hypo-contact. 



Proof : First we notice that for any SU (3)-structure on M, the SU(2)-structure on N defined by (| 14[) 
satisfies 

uji A i] = -- i x {F A F), uj 2 Arj = x 2 i x (a A *+) = x 2 (^ + - a A i x ^+). 

Therefore, we get 

-2d(wi Arj) = dxA i x (F A F) -xi x d{F A F), 

d{oj 2 An) = 2xdx A (#+ - a A i x ^+) + x 2 (d^> + - da A i x ^+ - a A i x (d& + )), 
diL> 3 = i x (d$ + ), drj + 2lo 3 = i x (dF - 2<3> + ). 

Now, let us consider a Killing vector field X of constant lenght such that it preserves a half-flat ££7(3)- 
structure (F, on M and satisfies da A i x ^+ = 0, then the structure on N given by (fl"4|) is hypo 

since 

duo 3 = 0, d(u3i A rj) = 0, d(uo 2 A rj) = -x 2 da A i x ^+ = 0. 
Moreover, if i x (dF — 2<I' + ) = 0, then drj = —2ui 3 , and so the £L7(2)-structure on N is hypo-contact. 

IflHl 

The previous study is done in the same vein of the papers [1] and [10] where ^-bundles with a 
[/(l)-invariant £[/(3)-structure (or GVstructure) are considered. 

Remark 2.9 We must notice that in the conditions of Lemma \2. 71 if X is a Killing vector field on M 
preserving the ££7(3)-structure (not necessarily half-flat) and satisfying i x (dF — 2^ + ) = 0, then the 
1-form rj is a contact form on TV. 



3 Solvable Lie algebras with a hypo-contact structure 

The purpose of this Section is to prove Theorem ll.il First, we need to show the following propositions. 



Proposition 3.1 Let q be a solvable Lie algebra of dimension 5 with a hypo-contact structure (jj,ijJi,oj 2 , 
UJ3). Then, there is a basis e , . . . , e 5 for q* such that 



(15) 
and 



rj = e 



(16) 



uj l= e l2 + e 3 \ 



..2:i 



^ 2 = e 13 + e 42 , 



c 3 = e 14 + e 23 , 



de 1 = Ae i4 + Ae 
de 2 = B 12 e 12 + B 13 e 13 + B l4 e 1A + B 15 e 15 - B 14 e 23 + (2A + B 13 )e 



B 25 e 2j + B 34 e^ + B 35 e 



:!5 



de 3 = (3A + B 13 )e 12 + C 13 e 13 + C 14 e u + C 15 e 15 - C 14 e 23 - (B 12 + B 34 - C 13 )e 



o24 



+C 25 e 25 -(A + B 13 )e 3i -B 25 e 35 , 
de 4 = B 14 e 12 + C 14 e 13 + (B 34 - C 13 )e 14 + 7J 15 e 15 + (B 12 + C 13 )e 23 + C 14 e 24 
+C 15 e 25 -B 14 e 34 -B 15 e 35 , 

, de 5 = -2e 14 - 2e 23 , 

where the coefficients A, B 42 , B13, B 44 , B15, B 2 ^,B 34 , £35, C\ 3 , C\ 4 , C15, C25 and D 4 § satisfy the conditions 
(17) d{de l ) = 

for i = 1,2, 3, 4, 5. 
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Proof : Let V be the subspace of g* orthogonal to rj. Since g is solvable, there is a nonzero element 
aeg* which is closed. Thus, 

a — [3 + A ?7, 

where f3 £ V and A € ML Now, da — is equivalent to d(3 — —Xd-q. Therefore, 7 = jj^ P is a unit 
element in = (rj) satisfying 

c?7 = r dr?, 

with r = — A/||/3||. From [HI Corollary 3], there is a basis e 1 , . . . , e 5 for g* satisfying (fT5|) with e 1 = 7. 

Therefore, de 5 = dr] = -2uj 3 = -2e 14 - 2e 23 and de 1 = ^7 = r d?7 = A e 14 + Ae 23 , where A = -2r, 
so the differentials of e , . . . , e 5 are given by 



' de 4 = 


Ae 14 + 


,4e 23 , 










de 2 = 


Bi 2 e 12 


+ B 13 e 13 - 


h S 14 e 14 + ■ ■ • 


• • ■ + B 34 e 34 H 


- B 35 e 35 H 


-B 45 e 45 , 


< de 3 = 


C 12 e 12 


+ C 13 e 13 ^ 


- C 14 e 14 + • • • 


■ ■ + C 34 e 34 4 


C 35 e 35 + 


C 45 e 45 , 


rfe 4 = 


D 12 e 12 


+ #i 3 e 13 - 


f Z?i 4 e 14 + • • 


• • • + £ 34 e 34 


+■ D 35 e 35 


+ ^ 45 e 45 


de 5 = 


-2e 14 - 


- 2e 23 , 











where the coefficients must satisfy the Jacobi identity d(de l ) = 0, 1 < i < 5, and the additional conditions 
d(rj Awi) = d(?7 A W2) = in order to have a hypo-contact structure. By imposing that d(e 125 + e 345 ) = 
d(r) A wi) = 0, d(e 135 - e 245 ) = d(r) A lu 2 ) = and d(e 14 + e 23 ) = -(l/2)d(de 5 ) = 0, the coefficients in 
(TTg|) satisfy the following relations: 

B23 = —B14, B 2 4 = 2A + Bi 3 , B 45 — 0, C12 = 3A + Bi 3 , C 23 — — Ci4j C24 = — #12 — + Ci 3 , 
C 34 = —A — B\ 3 , C 3 5 = —B25, C45 — 0, Z?i2 = -Bi 4 , D\ 3 — C14, D14 = S 34 — C\ 3 , 
D23 = B\2 + C\ 3 , D 2 4 = Cu, D25 = Ci5: -D34 = —B14, D 35 = — -B15, £> 4 5 = 0. 

This completes the proof of (| 16|) . Notice that the coefficients must also satisfy (fT7|) . |Q£J3| 

Let £1, . . . , E5 be the basis for g dual to the basis e 1 , . . . , e 5 and let us denote by c^ fc the component 
in of [[2?i,.Ej],.Efc] + -Efc], + [[£*, Ej] . It is clear that the Jacobi identity is satisfied if 
and only if c\^ k = for l<i<j<k<5 and 1 < I < 5. 

A direct calculation shows that c 4 34 = c 3 34 = c 2 34 = if and only if 

2Bi 5 = B 12 Bi4 + BuB 3 4 + 2B\4C\ 3 — 2Bi 3 Cu, 

(19) 2B25 — Bi 2 Bi 3 + 4AB 3 4 + 3Bi 3 B 3 4 — 2Bi 3 Ci 3 — 2B14C14, 
2B 3 $ — 2ABi 3 + 2B\ 3 + 2B 2 4 — B\2B 3 4 + B 34 , 

respectively. Moreover, c 3 23 = cf 24 = cf 23 = if and only if 

2Ci5 = — ^AB-44 — 2B\ 3 B\4 + 'ABi2C\4 + _B 34 Ci 4 , 

(20) 2C25 = — 12A 2 — Bf 2 — 10ABi 3 — 2B\ 3 — 2Bi 2 5 34 — B 34 + 3Bi 2 Ci 3 + 3i? 34 Ci 3 — 2C\ 3 — 2C 2 4 , 
2Di 5 = —B 2 2 — 2B 2 4 + Bi 2 B 3 4 — 3Bi 2 Ci 3 + i? 34 Ci 3 — 2C\ 3 — 2C 2 4 , 

respectively. 

Corollary 3.2 Let g be a solvable Lie algebra with a hypo-contact structure (77, c^i, 072, ^ 3 )- Then, there 
is a basis e , ...,e of g* satisfying (fT5|) . (fT6|) . (fl9|) . ([20|l and where the seven remaining coefficients 
A, B12, B\ 3l Bi4, B 3 4, C\ 3 , C\4 satisfy the Jacobi identity Q17p. 
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Proposition 3.3 Let g be a solvable Lie algebra with a basis e , . . . , e 5 for g* in the conditions of Propo- 
sition Then, the structure equations (JTHJ) reduce to one of the following six families: 

' de 1 = 0, 
de 2 — re 12 , 

(21) < de 3 =re 13 , 

de 4 = _ re 14_ 3r 2 e 15 +2re 2 3j 

. de 5 = -2e 14 - 2e 23 , 
where r G R*; moreover, g 1 = (E2, Ea, E 5 ), g 2 = (tvEj — E 5 ) and g 3 = 0. 











' de 1 


= 0, 










de 2 


= re 12 +3re 34 + 3r 2 e 35 , 


(22) 






< 


de 3 


= re 13 - 3re 24 - 3r 2 e 25 , 










de 4 


= — rde 5 , 










. de 5 


= -2e 14 - 2e 23 , 


where r G 1 


?*; moreover, g 1 


= (E 2 


,£3,^4 


-E 5 ), g 2 = (rE 4 -E 5 ) 






■ de 1 


= o, 








de 2 


14 

= re — 


re 23 — are 25 + r 2 e 35 , 


(23) 


< 


de 3 


= 3-de 2 , 

r ' 








de 4 


= re 12 + 


ae 13 — (a 2 + r 2 )e 15 + ae 






, de 5 




-2e 14 


- 2e 23 , 



24 „ 34 



where a G R and r G R*; moreover, g 1 = (ri? 2 + a_E 3 , £4, -E5) and g 2 = 

' de 1 = de 2 = 0, 

d e 3 - „ c 13 _i_ h„l± 



(24) 



ae^ + 6e 14 - 6e 23 + ae 24 - (a 2 + 6 2 )e 25 



de 4 = 6e 13 



,14 



a 2 + 6 2 )e 15 + ae 23 + 6e 24 , 



de 5 = -2e 14 -2e 23 , 

where a, b G R; moreover, if a or b is nonzero then g 1 = (-EJ3, E4, E^) and g 2 = 0. 

( de 1 = 0, 

(25) 

„ de 5 = -2e 14 - 2e 23 , 
where r G R*; moreover, g 1 = (E 2 ,E 3 ,E4, E 5 ), g 2 = (i? 2 , ri?4 — 2E 5 ) and g 3 = 0. 
( de 1 = 0, 



(26) 



de 2 = re 12 + ae 13 + ae 24 + f(r 2 + a 2 )e 25 + ^e 34 + §,{r 2 + a 2 )e 35 , 
de 3 = ae 12 + ^e 13 - re 24 - \{r 2 + a 2 )e 25 - ae 34 - f (r 2 + a 2 )e 35 , 



2r ; 

I de 5 = -2e 14 -2e 23 , 



w/iere r G M* and a G R; moreover, g 1 = (E 2 , E 3 , E 4 , E 5 ) , g 2 = (a_E 2 — r_E 3 , (r 2 + a 2 )^ — 2rE 5 ) and 
g 3 = 0. 
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Proof : Wc divide the proof in two cases: ^4 = and A^O. 

Let us suppose first that A = 0. By Corollary 13.21 the coefficients Bi 5 , B 25 , B 35} C15, C25, -D15 are 
determined by B 12 , -B13, -B14, -B34, C13, C14, and they are explicitly given by (fT9|) and ([20]) . A direct 
calculation shows that 



--125 



= «*■ S 1 3(-3S 12 - J B34-2C 13 )S U +(3S 



25^3 + -Bi2i?34)Ci4 — 0; 



-135 







^ ( — 25^3 — -B12C13 — -B34C13 — 2C\ 3 )B\4 



Bi3(3i?i2 + -B34 + 2Ci3)Ci 



c i45 — & Bi 3 (B 3i — Cis)Bi4 + (B 2 3 — Bi 2 B34)Ci4 — 0; 



-145 



4^ (B 2 3 — -B12C13 — -B34C13 + Ci 3 )Bi4 + Bi 3 (B 3 4 — Ci3)Ci4 — 0. 



Let us denote by pij the determinant of the system given by the equations i and j above, i.e. 
P12 = {B 2 3 — Bi 2 Ci 3 )(—3B 2 2 + 4-Bi 3 — 4Bi 2 B 3 4 



B 3 4 



P13 — — 3Bi 3 (Bi 2 + B 3 i)(B 13 — B12C13), 



"(-^13 — ^i2Ci3)(3-B 12 + 2-B 13 + ABi 2 B 3 



B 34 



>34 "1" J->~\ i — 3B12C13 

"(■^13 — Bi 2 Ci 3 )(2B'( 3 + Bi 2 B 3 4 + B' 3i + 2B34C13), 
-3Bi3(Bi2 + B 3 4){B 2 3 — -B12C13) = P13, 



6S12C13 — 2B34C13), 
B 3 iCi 3 ), 



Pu 
P23 
P24 

P34 = — ( B i3 — Bi 2 Ci 3 )(Bf 3 — Bi 2 B 3i — B 3i + B34C13). 
Case 1: At least one of the determinants p^ is nonzero. In this case, B14 = C14 = 0. Moreover, 
c i25 — B\ 3 {2B\ 3 + B 12 B 3 4 + B 3A — 3B 12 Ci 3 — B34C13), 

and 

C245 = "^Bi 3 (Bf 3 — Bi 2 B 3i — B 34 + -B34C13), 

which implies that B\ 3 (B\ 3 — Bi 2 Ci 3 ) = in order to the Jacobi identity be satisfied. Since p^ ^ for 
some it is necessary that -B13 = 0. 

Since -B13 = B14 = C14 = the equations (fTB|) reduce to 



(27) 



= 0, 



h 2 e 12 + B 34 e 34 + \B 3A (B 3A - B 12 )e 



35 



de 1 
de 2 
de 3 

de 4 = (B 3i - C 13 )e 14 - \{B 12 + C 13 )(B 12 - B 34 + 2C 13 )e 15 + (B 12 + C 13 )e 
de 5 



Ci 3 e 13 - (B 12 + B 3i - C 13 )e 24 - i(B 12 + B 3A - 2C l3 )(B l2 + B 3i - C 13 )e 



25 



2:i 



-2e 



14 



2e 



23 



because B 15 = B 25 = C u = 0, B 35 = \B 3i {B 3A - B 12 ), C 25 = -\{B 12 + B 3i - 2C 13 )(B 12 + B 34 - C 13 ) 
and .D15 = —\(B\ 2 + C\ 3 )(Bi 2 — B 3 4 + 2C13). Now, the Jacobi identity is satisfied if and only if 
Bi 2 (B 3 4— 3Ci 3 )(Bi2+B 3 4— C13) = 0, B 3 4Ci 3 (2Bi 2 —B 3 4+Ci 3 ) = Oand B 3 4{B\ 2 — C\ 3 )(Bi 2 +B 3 4—Ci 3 ) — 
0. But, the nonvanishing of some p^ implies that Bi 2 and C\ 3 cannot be zero, so 



(28) 



B34 + Cia) = 0, 
0. 



(-B34 — 3Ci3)(Bi2 + i?34 — C13) = 0, B 34 (2Bi 2 
Bu(Bi 2 — C\ 3 ){Bi 2 + B 3 4 — C13) : 

If £34 = then implies C 13 = B 12 ^ and from ([27]) we get ([2TJ) with r = B 12 G R*. 
B 3 4 implies that -B34 = 3Si 2 and C\ 3 = B\ 2l and equations (|27|) reduce to (|22|) with r = 

Case 2: All the determinants p^ vanish. First, we prove that B 2 3 — B\ 2 C\ 3 . 

In fact, if B\ 3 7^ B\ 2 C\ 3 then all the determinants p^ vanish if and only if Bi 3 (B\ 2 + B 3 

\B\ 2 B 3 4 + Boa + 6S12C13 + 2S34C13 = 0, 



Otherwise, 

B 12 e E*. 

1) = and 



3 - B 12 - 45 13 



(29) 



3Bj 2 
2B\ 3 



2B\ 3 



4B 12 B 34 + B 3 a — 3B 12 Ci 3 — B 3i C 13 — 



-B12-B34 + Boa + 2S34C13 



0, 



B 13 



B\ 2 B; 



34 



-B34C13 
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Notice that -B13 must be zero, because otherwise B 34 = —Bi 2 and the equations ([^5]) would reduce to 
B\ 3 — B\ 2 C\ 3 — 0, contradicting our assumption. Since Bi 3 = we have that -Bi2,Ci3 7^ and (|29[) 
become 

3B 2 2 + 6B 12 C 13 + B 34 {AB 12 + B 34 + 2C 13 ) = 0, 

3-B 12 — 3B12C13 + B 34 {ABi 2 + B34 — C13) = 0, 

-634(^12 + B 34 + 2C13) = 0, B 34 (B i2 + B 3 4 — C13) = 0. 

From the last two equations we have that B34 = 0, because C\ 3 is nonzero. But in such case the first two 
equations are satisfied if and only if -B12C13 = 0, which is again a contradiction. Therefore, we conclude 
that there are no solutions if B\ 3 7^ -B12C13. 

Case 2.1: If B\ 3 = B\ 2 C\ 3 and -B12 = 0, then B\ 3 = and the Jacobi identity is satisfied if and only if 

B 14 B 34 = -B14C13 = B 3i {B 34 C\ 3 — C 13 — C 14 ) = 0. 

So, if £?i4 7^ then B 34 — C\ 3 — 0, and the equations (fTo| reduce to (j2"3"|) with a = C14 G E and 
r = B u e M*. 

On the other hand, if B 44 = B 34 = then we obtain equations with a = C\ 3 and 6 = C14 € ML 

Finally, let us suppose that -B14 = and S34 7^ 0, which implies that C\ 3 + C\ 4 — B 34 C± 3 = 0. A long 
but direct calculation shows that the corresponding Lie algebra is solvable only for C\ 3 7^ and C14 = 0, 
and in this case the equations (fT6|) reduce to (|25|) with r = C13 £ K*. 

Case 2.2: If Bj 3 = B 12 Ci 3 and B12 7^ 0, then C13 = Bf 3 /B 12 and 

c 125 = ^ (3Bi2 + 2Sf 3 + _Bi 2 i?34)(-Bl3-Bi4 — S12C14) = 0, 

c 145 = ^ (-8^3 — Bi2S34)(-Bi3i3i4 — S12C14) = 0, 

which implies that 

(-^12 + B 13 )(Bi 3 Bi4 — -B12C14) = 0. 

Since B12 / we get C14 = B\ 3 B\ 4 j B\ 2 . A direct calculation shows that the Jacobi identity holds if 
and only if 

(-B12 + B 34 ){B\ 3 + B\ 4 — B 12 B 34 ) = 0. 

We distinguish two cases: 

(i) -B34 = — -B12 7^ 0: in this case the equations (fTB)) reduce to (|23p. In fact, take S (0, 4^) such that 
cos30 = B 14 (Bf 2 +Bj 3 +Bf 4 )-i, sin 30 = {Bf 2 + Bf 3 )i (Bf 2 + Bf 3 + Bf 4 )~i . Then, from 1^ we have 
that the new basis 

f 1 = cosOe 1 +sm9B 13 (Bf 2 +B 1 2 3 )-i e 2 -sin0 B X2 (B\ 2 +Bf 3 )~h 3 , 

f = - sin9 B 13 (Bf 2 + B 2 l3 )-^e 1 + cos0e 2 -sin0 B 12 {B\ 2 + Bf 3 )~?e 4 , 

f 3 = sin B 12 {B\ 2 + B\ 3 y 2 e 1 + cos 0e 3 - sin 6 B 13 (Bf 2 + Bj 3 )- 2 e 4 , 

/ 4 = 81140512(522+ J B2 3 )-2e 2 + sin0Si3( J B^ + ^ 3 )-2e 3 + cos0e 4 , 

satisfies for a = e— ^ y B\ 2 + Bf 3 + S 2 4 and r = e^5 2 2 + B i3 + 5 i4 with 6 = ±1- Moreover, 

fl2 + /3 4 = e 12 + ^4^ J13 + /4 2 = e 13 + e 42 and f U + f 23 = p 14 + g23^ 

(ii) If .B34 7^ — i?i2 then B 34 = (B\ 3 + B\^)jB\ 2 . Now, a long but direct calculation shows that the 
corresponding Lie algebra is solvable only for B\ 4 = 0, and in this case the equations (fll))) reduce to (|26p 
with r = B 12 7^ and a — Bi 3 £ R. This completes the proof of the case A = 0. 
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Suppose next that 4/0. By Corollary 13.21 the coefficients B15, B25, -B35, C15, C25 and -D15 are 
determined by the coefficients 4, Bi 2 , B\ 3l -B14, -B34, C13 and C14. A direct calculation shows that 



c 234 = 2AB 14 , 



• 234 



= 24 C 



14 j 



'234 



= -A(Bi2 - B 



34 



2C 



13 J 



so the Jacobi identity implies that B\ 4 = C14 = and B12 = B 34 — 2C13. Therefore, there are only the four 
remaining coefficients A,Bi 3 ,B 3 4 and C13. Moreover, from (fH?|) and (|2H)) we get -B15 = C15 = D15 = 0, 
thus the differentials of e % have the form 

de 1 = 4e 14 + 4e 23 , 

„2 _ (U-. r>n.-\„vt 



(30) 



de 2 = (B 34 - 2C 13 )e 12 + B 13 e 13 + (2A + B 13 )e 2i + B 25 e 25 + B^e™ + B 35 e 35 , 
de 3 = (34 + B 13 )e 12 + C 13 e 13 - (2B 34 - 3C 13 )e 24 + C 25 e 25 - (4 + B 13 )e 34 - B 25 e 35 , 
de± = (B 34 -C 13 )(e u + e 23 ), 
. de 5 = -2e 14 - 2e 23 . 
It can be proved directly that the Jacobi identity for (|30p is satisfied if and only if 



(31) 
and 



(3A + B 13 )B 35 - B 13 C 25 -0, 



-25. 



34 



3Ci3)£>35 — S34C2S — 0, 



C, 



25 



(32) 



-B25 — 2AB 34 — 2Bi 3 B 34 + 2Bi 3 C\ 3 — 0, 

64 2 + 54 B 13 + B 2 3 + 2B 2 4 - 7B 34 C 13 + 6C 2 3 

— 6AB 25 — 2B 43 B 25 + -B34C25 — 3C13C25 = 0, 

ABi 3 + B\ 3 — B 35 + B 34 C\ 3 = 0, 

2Bi 3 B 25 — B 34 B 35 + 3B 35 C 43 = 0, 

4:B 25 B 34 — 6B 25 C\ 3 + 3AC 2 5 + 2B\ 3 C 2 § = 0, 

2B 25 B 34 — 3AB 35 — 2Bi 3 B 35 = 0. 

Let p = — 3(AB 34 + B 34 B 43 — -B13C13) be the determinant of the linear system (|3"Tj) . If p 7^ then 
S35 = C25 = 0, and the first equation in (f32|) implies that B 2 § = —\p 7^ 0, so in order to be satisfied 



the remaining equations in (|32p we must have B\ 3 = B 34 = C\ 3 = 0, which is in contradiction with the 
second equation in (|3"2")) . Therefore, p = and there is a € R such that — 2B 34 + 3C 43 = 3a A + a B 13 and 
B 34 = aBi 3 . From the first equation in ([52")) we get 



(33) B 34 = aB 

and 1(311)-© reduce to 

34 B35 + B\ 3 B 3 



13, 



Ci 3 = a(4 + Si 3 ), B 25 =0, 



(34) 



S13C25 = 0, C 25 + (64 2 + 5AB 13 + B 2 13 ){1 + a 2 ) = 0, 
B 35 -B 13 (A + B 13 ){l + a 2 ) = 0, (34 + 2S 13 )C 25 = 0, (34 + 25x3)535=0. 



Notice that Bi 3 7^ — 14 implies B35 = C25 = 0, and from the third equation in (j3"4"| it follows that J5 13 



0, —4, which does not solve the second equation in 



Therefore, Bi 3 



\A and the solution to 



is ,835 = |4 2 (1 + a 2 ) and C 25 = -B 35 . From (J30J) and Q we get that the new basis J 1 = v(ae 1 + e 4 ), 



/ 2 = Kae 2 -e 3 ), / 3 = Ke 2 
with r = -v~ 1 A/2 and J 12 - 



■ ae 3 ), / 4 = z^(-e 1 + ae 4 ), / 5 



/ 



34 



= 12 



,34 



/" + / 



42 



= e 5 , where v 

,13 



+ e 42 , / 44 + 



-(!• 
/23 



i 2 ) 1//2 , satisfies 



,14 



„23 



say, the case 4^0 reduces to (|22|) and the proof of the proposition is complete. 



That is to 

EH 



Remark 3.4 Notice that the condition [g,g] 7^ g implies that g* has a nonzero element which is closed, so 
the proof of Proposition [3Tl still holds for Lie algebras satisfying [g, g] 7^ g, even when they are not solvable. 
Moreover, the proof of Proposition 13.31 shows that if such a Lie algebra admits hypo-contact structure 
then it belongs to Case 2.1 with B 34 7^ = B u = C r3 = C44, Case 2.1 with -B34C13C14 7^ = B 14 , or 
Case 2.2 with {B 34 + B U )B U ^ 0. 
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Now, using Proposition 13.31 we obtain the classification of solvable hypo-contact Lie algebras. 

Proof of Theorem 11.11 : A solvable Lie algebra with a hypo-contact structure belongs, by Proposi- 
tion !3.31 to one of the six families (fST|) — (f5H|) . Therefore, in order to prove the theorem, it suffices to show 
that fji, . . . , f)5 are the Lie algebras underlying these families. For the family (j2"Tj) , the new basis 

a 1 = 2e 4 - 3re 5 , a 2 = 5e 3 , a 3 = 2re 2 , a 4 = -3e 4 - 3re 5 , a 5 = re 1 

satisfies 

da 1 = -2a 15 - a 23 , da 2 = -a 25 , da 3 = -a 35 , da 4 = 3a 45 , da 5 = 0. 

Therefore, any Lie algebra in the family (f2"Tj) is isomorphic to f)2- 

Any Lie algebra in the family (T2"2"|) is isomorphic to f)3. In fact, with respect to the new basis 

a 1 = re 4 , a 2 = V2re 3 , a 3 = V2re 2 , a 4 = re 1 , a 5 = 3re 4 + 3r 2 e 5 , 

the equations (f2"2"|) become 

da 1 = -2a 14 -a 23 , da 2 = -a 24 - a 35 , da 3 = a 25 - a 34 , da 4 = da 5 = 0. 

Any Lie algebra in the family (T33]) is isomorphic to f)4, because with respect to the new basis 



a 1 = 


2e 2 +re 5 , 


a 2 = 


Va2 + rZ e 2 + V3e 4 + Va 2 +r^e 5 , 




r r 


a 3 = 






r r 


a 4 = 


-2a e 2 + 2re 3 , 


a 5 = 


— V3V a 2 + r 2 e 1 + ae 2 — r e 3 , 



the equations (|23|) become 

da 1 =-a 14 , da 2 = -a 25 , da 3 = a 34 + a 35 , da 4 = da 5 = 0. 

ft is clear that fji is obtained when a = b = in the family (|24|1 . If (a, 6) 7^ (0,0) then, after the 
change of basis f 1 — e 2 , f 2 — e 1 , f 3 = e 4 , f 4 = e 3 , f 5 = e 5 if necessary, we can suppose that b 7^ 0. 

Now, let us fix a pair (a, b) with 5^0. Let us consider equations ([2"5|) for the pair (a, r = b 7^ 0) in 
terms of e 1 , . . . , e 5 . Then, the new basis given by 

f 1 = sin ere 1 — coscr(cos#e 2 — sin0e 3 ), 
f 2 = cos ere 1 + sincr(cos0e 2 — sin0e 3 ), 
(35) f 3 = sin a (sin 9 e 2 + cos 6 e 3 ) + cos ere 4 , 

f 4 = — cos a (sin Be 2 + cos 9 e 3 ) + sin ae 4 , 
/ 5 = e 5 , 

where € (0, 2n) is such that cos# = a/\/a 2 + b 2 , sin9 = b/Va 2 + b 2 and a = (9 — 7r)/3, satisfies 
equations of the form (|24[) for the given pair (a, 6). Therefore, the Lie algebras underlying (|24| are all 
isomorphic to f)4. 

Any Lie algebra in the family (f25|) is isomorphic to f)s, because with respect to the new basis 

^=e 4 - T -e\ a 2 = -V2e 2 , a 3 = -e 4 - T -e\ a 4 = V2re 3 , a 5 =re\ 

the equations (|25|) transform into 

da 1 = -a 15 - a 24 , da 2 = -a 34 , da 3 = a 35 , da 4 = -a 45 , da 5 =Q. 
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Also, the Lie algebras underlying ([2U]) are all isomorphic to f)s. In fact, let us fix a pair (a,r) with 
r^O, and let us consider equations ([2"5]) for s = (a 2 + r 2 )/r in terms of e 1 , . . . , e 5 . Then, the new basis 
given by 

(36) f 1 = e 1 , f 2 = cos9e 2 + sm9e 3 , f = - sin e 2 + cos 9 e 3 , f = e 4 , / 5 = e 5 . 

where € (0, 27r) is such that cos# = aj\Ja 2 + 7- 2 and sin# = r/Va 2 + r 2 , satisfies equations of the ([2U]) 
for the given pair (a,r). Therefore, the Lie algebras underlying ([26")) are all isomorphic to f)s. \QED\ 

Diatta obtains in [llj a list of solvable contact Lie algebras in dimension 5 and many of them have 
non-trivial center. Notice that f)i,...,f)5 correspond to the Lie algebras 1, 4(p = l,q = —3), 22, 
18(p = q = —1) and 15(p = —1), respectively, in Diatta's list and that the center of the solvable Lie 
algebras f)2, ■ ■ ■ , t)5 is trivial. 

Definition 3.5 Let g and g be Lie algebras endowed with hypo structures (77, u>i) and (77, u>i), respectively. 
We say that the hypo structures are equivalent by rotation if there is an isomorphism of Lie algebras 
F- — ► such that 77 = F*fj, lu 3 = F*ui 3 , w\ = cos 9 F*uji — sin 9 F*ui 2 and u> 2 — sin9 F*idi+cos9 F*u 2 , 
for some 9. 

If two hypo structures are equivalent by rotation via F then F preserves the induced metrics. In the 
following result we show which families of hypo-contact structures given in Proposition l3 . 31 are equivalent 
by rotation. 

Proposition 3.6 Any hypo-contact structure in the family (|23|) (respectively, (|26[) ) is equivalent by ro- 
tation to a hypo-contact structure in the family (|24|) for some (a, b) ^ (0,0) (respectively, (|25| ). 

Proof : Let us consider equations (|23f for (a,r 7^ 0) in terms of e 1 ,...^ 5 , and equations ([24| for 
(a, b = r 0) in terms of J 1 ,...,/ 5 . Then, (|35|) defines an isomorphism of Lie algebras such that 

e 5 = /5 ) e 14 + e 23 = J14 + /23 and 

e 12 +e 34 = cos(-0)(/ 12 + / 34 )-sin(-0)(/ 13 +/ 42 ), e 13 +e 42 = sin(-0)(/ 12 + / 34 )+cos(-0)(/ 13 +/ 42 ). 

This shows that any hypo-contact structure in family (|23p is equivalent by rotation to the hypo-contact 
structure in the family ([24]) for (a, 6 = r ^ 0). 

Let us consider equations (|26|) for (a, r 7^ 0) in terms of J 1 ,...,/ 5 , and equations ([25| for s = 
(a 2 + r 2 )/r in terms of e 1 , . . . , e 5 . Then, (|36[) defines an isomorphism of Lie algebras such that / 5 = e 5 , 

+ / 2 3 = e 14 + e 23 and 

J 12 + / 34 = cos0(e 12 + e 34 ) - sin0(e 13 + e 42 ), f 13 + J 42 = sin#(e 12 + e 34 ) + cos0(e 13 + e 42 ). 

This shows that any hypo-contact structure in family (|26[) is equivalent by rotation to a hypo-contact 
structure in the family (|25|l . \QED\ 

Remark 3.7 A direct calculation shows that any equivalence by rotation between hypo-contact struc- 
tures in the families ([25)1 and ([2"4"|) must have 9^0. The same holds for any equivalence by rotation 
between hypo-contact structures in the families (|25p and ([26]) . 

4 ^-contact and 77-Einstein structures 

The Lie algebras described in Proposition 13.31 cannot be Einstein [TT] . In this section, we show that any 
Lie algebra of ()22[) and the Lie algebra of ([24]) for a = b = with the hypo-contact structure defined by 
(fl~5|) are the only ones which are 77-Einstein [15] or, equivalently [9], Sasakian. Moreover, we prove that 
these Lie algebras are also if-contact [3]. 

Consider an odd-dimensional manifold M with a contact form 77 and associated metric g. Denote by £ 
the vector field on M dual of 77. Recall that (M, g, 77) is said to be K -contact if £ is a Killing vector field; 
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(M, g, rj) is called rj-Einstein [15) if there exist smooth functions T^onM such that the Ricci curvature 
tensor satisfies 

Ric(X, Y) = T g(X, Y) + v v(X) V (Y), 
for any vector fields X, Y on M . The functions r and v are uniquely determined by 

s = t dim M + ^, Ric(£ , £) = t + ^, 

where s denotes the scalar curvature of g. When v = we have the well-known Einstein condition. In 
our situation, r and are constant and £ is the vector dual to r\ = e 5 . 

In the following proposition we distinguish the solvable Lie algebras of Proposition 13.31 for which the 
hypo-contact structure defined by (fTS"]) is i^-contact. 

Proposition 4.1 Let g be a solvable Lie algebra with a K-contact hypo structure (r), lo\, W2, 1^3) and with 
a basis e , ...,e for q* which satisfies the conditions of Proposition [OJ Then, its structure equations 
reduce to (|2"2l or (|24p /or a = = 0. Moreover, they are Sasakian and n-Einstein. 

Proof : Denote by e\, . . . , e& the dual basis of e 1 , . . . , e 5 . The vector e$ is a Killing vector if and only if 
ff(Vye 5 , Z) + g(V z e 5 ,Y) = for any Y, Z G or, equivalently, fif([e 5 , ej], &,•) + ff([e 5 , e 3 -], e,) = 0, for any 
i, j. Since the basis e%, . . . , eg is orthonormal, the latter condition is equivalent to 

(37) de j (e i ,e 5 ) + de i {e j ,e 5 )=0, 

for any In particular, for — (1,4), since e 1 is closed, from Proposition 13.31 we get that 

de 4 (ei,e 5 ) ^ for the families J22D, (gt]) unless a = 6 = 0, (EH) and ([15]). Therefore, these 

families are not if-contact. 

On the other hand, it is clear that ([22| and (|24|) for a = 6 = satisfy (|37|) . Moreover, the equations 

dn = — 2(x>3, dcJi = Xlu2 A n, dw-i = —\uj\ A 77, 

are satisfied for these families, where A = — 3r 2 for the family (|22|) . and A = for (j24|) with a = b = 0. 
Therefore, (u>i,g) is 77-Einstein (see [S]). But Theorem 14 of [Hj asserts that a hypo structure is Sasakian 
if and only if it is ?/-Einstein, which completes the proof. \QED\ 



Furthermore, concerning the ?7-Einstein property we have: 



Proposition 4.2 The families (J22J) and ([24]) for a = b 
by (|15p are the only ones which are rj-Einstein. 



with the hypo-contact structure defined 



Proof : First, notice that the ?7-Einstein condition is preserved under equivalence by rotation. Therefore, 
from Proposition 13 .61 it suffices to study the families (|2l"j) . ([22]) . (|24]) and ([25]) . By direct computation one 
can check that the nonzero components of the Ricci tensor for these four families are given respectively 
by 

-i(9r 4 + 18r 2 +4), i = 1, 
-(3r 2 + 2), £ = 2,3, 
i(9r 4 + 6r 2 -4), i = 4, 



Ric(ei,ei) 



Ric(e i; ei) 



-i(9r 4 -8), i = 5. 
-2(3r 2 + l), i = l,. 



,4, 



4, 



-±((a 2 + 6 2 ) 2 +8(a 2 + 6 2 )+4), 
Ric( ei , ei ) = \ \ ({a 2 + b 2 ) 2 - 4) , i = 3,4, 
4-(a 2 + o 2 ) 2 , i=5. 



1,2, 
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( -i(r 4 + 16r 2 + 16), i=l,3, 
Ric(ej,ej) = j |(r 4 -16), i = 2,4, 
[ -i(r 4 -16), i = 5. 
Therefore, (77 = e 5 , <?) is 77-Einstein only for the families ([22)1 and ([24]) for a = 6 = 0. Notice that 

Ric(X, F) = -2(1 + 3r 2 ).g(Y, Y) + 6(1 + r 2 )r](X)r](Y) 

for the family (|22p. and 

Ric(X, Y) = -2g(X, Y) + 6 V (X)v(Y) 
for (gH) with a = b = 0. [q£j51 

Remark 4.3 We must notice that for the families (|22|) and (|24|) with a = b = 0, 77-Einstein condition 
implies X-contact property, which in general is not true. 

As a consequence of the above propositions and Theorem 11.11 we conclude 

Corollary 4.4 The only 5- dimensional solvable Lie algebras admitting a K-contact hypo structure or a 
hypo-contact rj-Einstein structure are f)i and [73. 

Hypo-contact structures are related to the contact Calabi-Yau structures introduced recently in [16] . 
A contact Calabi-Yau structure on a (2n + l)-dimensional manifold M is a triple (77, J, e), where (77, J) 
is a Sasakian structure and e € A™' (ker77) is a nowhere vanishing basic form on ker?7 such that de = 
and e A e = (— 1) ' 2 + " i n (dr]) n . In dimension 5, if (77, J, e) is a contact Calabi-Yau structure then the 
quadruplet (—77, = 9\ce, 0J2 — 3m e, = —^drf) defines a hypo-contact structure on M for which 
duji = duj2 = and the metric induced by (77, J) is 77-Einstein with r = —2 and ^ = 6 16, Corollary 3.7].. 

Tomassini and Vezzoni classify 5-nilmanifolds admitting invariant contact Calabi-Yau structure and 
prove that, up to isomorphism, the only (non-trivial) 5-dimensional nilpotent Lie algebra admitting hypo- 
contact structure is f) 1 - This result also follows directly from the fact that f)i is the only 5-dimensional 
nilpotent Lie algebra admitting a Sasakian structure [T71 Corollary 5.5]. Next we show that there are no 
5-dimensional solvable non-nilpotent Lie algebras admitting contact Calabi-Yau structure. 

Proposition 4.5 Let g be a 5-dimensional Lie algebra such that [q,q] 7^ admitting a contact Calabi-Yau 
structure. Then, g is isomorphic to the nilpotent Lie algebra f)i- 

Proof : It is sufficient to prove that if q admits a hypo-contact structure (77, Wj) with uj\ and L02 closed, 
then g is isomorphic to t)i. If g is solvable then from Proposition 13.31 one can see directly that u>i and 
L02 are both closed only if a = b = in the family (|24|) . which corresponds to t)±. Finally, when g is not 
solvable we apply Remark 13.41 and a direct calculation shows that and LO2 are also nonclosed in this 
case. |Q£-D| 



5 Metrics with holonomy SU(3) 

The purpose of this section is to prove Theorem 11.21 that is, any left-invariant hypo-contact structure 
(77, u>i, cl>2, UJ3) on a solvable Lie group N gives rise to a metric with holonomy SU (3) via the Conti-Salamon 
evolution equations From now on, to avoid confusion, we denote the exterior differential on N by 
d, and the exterior differential on TV x I by d. Then, the (hypo) evolution equations ([5]) are written as 
follows 

r dtOJ 3 (t) = -dr)(t), 
(38) <^ d t (u 2 (t)Ari(t))=<L l (t), 
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In order to prove Theorem 11.21 we first observe the following fact. Let (rj,u>i) and (fjfUJi) be two 
hypo-contact structures on a Lie algebra q which are equivalent by rotation in the sense of Definition 13. 51 
If (fj(t),u>i(t)) is a solution of the evolution equations ([38]) for (fj,u>i), then rj{t) = F*(fj(t)), 0Js(t) = 
F*(u) 3 (t)), ux{t) = cos 9 F*((Di(t)) -sin 9 F*(u> 2 (*)) andw 2 = sm9 F*(u 1 (t)) + cos6 F*(u> 2 (*)) is a solution 
of (|38|) for the hypo-contact structure (ry, u>i). Therefore, it suffices to prove the theorem up to equivalence 
by rotation of the hypo-contact structure. 

Proof of Theorem ll.2l : From the observation above, Theorem 1 1.1 1 and Propositions l3.3l and l3.6l we shall 
concentrate on the families (f2"Tj) , (j2"2"]) , (pM|) and (|2"5|) , showing for each case the existence of a solution of 
the evolution equations for which the metric associated to the corresponding integrable S'(7(3)-structurc 
has holonomy group equal to SU(3). 

We consider first the ^-Einstein case in detail. In this case we have that duJi — Aw2 A e 5 and 
du>2 = — Acji Ae 5 , where A = — 3r 2 for the family ([22]) and A = for the nilpotent Lie algebra corresponding 
to (j2"4"]) for a = b = 0. A solution of the hypo evolution equations is given by 

V(t) = \f'(t)e 5 , u 1 (t) = f(t)(e 12 + e 3 % u 2 (t) = f(t) (e 13 - e 24 ), u 3 (t) = f(t) (e 14 + e 23 ), 

where f(t) is a function such that /(O) = 1, /'(O) = 2 and satisfies the ordinary differential equation 

//" + {ff - 2Xf = 0. 

For A = one has the explicit solution /(<) = (l+4£) 1 / 2 and the Riemannian metric with SU (3)-holonomy 
that one gets is the one obtained in [T5|, namely 

g = (1 + 4t) 1 / 2 (( e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + j^ie*? + dt\ 

If A = — 3r 2 < then, after performing a first integration, one obtains the first order differential 
equation 

/'(*) = 7 |y(l + r 2 -r 2 / 3 W) 1/4 

with initial condition /(0) = 1. Therefore, there exists a unique solution f[t) defined on some open 
neighbourhood / around t — 0. The basis of 1-forms on the manifold H 3 x / given by 

V l = y/m^\ V 2 = ^W)e 2 , V 3 = ^/W)e 3 , ^ = ^W)e\ rf= f -^-e\ V 6 = dt, 

is orthonormal with respect to the Riemnannian metric associated to the corresponding integrable SU(3)- 
structure on H3 x I. By computing the curvature forms n* and applying the Ambrose-Singer theorem, 
one can see that the holonomy group is actually SU(3). In fact, a direct calculation shows that, for each 
r, the curvature forms 



tt\ = 


-nl 


_ 4r 2 /(t) + (/'(t)) 2 / 12 
4/ 2 (t) W - 


-ry 34 ), 


nl = 


nl = 


4r 2 /(t) + (/'(t)) 2 r 13 




nj = 




2/ 2 (t) ^ + ^ > 


(/'(t)) 2 -2/(t)/"(t) 56 
+ 2P(t) »? 


nl = 


nl = 


. (/'(t)) 2 -2/(t)/"(t)/„15 | 




nl = 


-ni 


_ (/'(t)) 2 -2/(t)/"(t) r 16 
4/ 2 (t) W 


-ry 45 ), 


n§ = 






(/'(«)) 2 -2/(t)/"(t) 56 


ng = 


nl = 


. (/'(t)) 2 -2/(t)/"(t)/ 25 | 


v 36 ), 


ng = 


-ng 


_ (f'(t)f-2f(t)f"(t) , 26 
4/ 2 (t) W 


-v 35 ), 
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are linearly independent at t = 0, since /(0) = 1, f (0) = 2, /"(O) = -2(3r 2 + 2) and /'"(O) = 24(r 2 + 1). 
Therefore, any 77-Einstein hypo-contact structure gives rise to a metric whose holonomy group is equal 
to SU(3). 

For the family (|24[) a solution for the hypo evolution equations is given by 



V (t) =y\t)e\ 
wa(*) =/(*) (e 13 -e 24 ), 
where /(i) satisfies the differential equation 



wi(f) 



2 D 34 
/'(t) 



w 3 (t) = /(*) (e 1 



4p + /' 3 + //7" = o 

with initial conditions /(0) = 1 and /'(0) = 2, where p = a 2 + 6 2 . After performing a first integration, 
one obtains the first order differential equation 



/'(*) 



(8 + 4p-4p/ 3 ft)) 
/(*) 



1/3 



with initial conditions /(0) = 1. Therefore, there exists a unique solution fit) defined on some open 
neighbourhood / around t = 0. 

A similar computation as in the ^-Einstein case above, shows that the holonomy group of the metric 
associated to the corresponding integrable 5'J7(3)-structure on H4 x I is also equal to SU(3). In fact, the 
curvature forms fiJ;, fijj, fii, fig, fig, fi§, fi 2 and fi§ take the following values when t = 0: 



(fi§: 
(fi§: 
(fii: 



i^(e 12 -e 34 ), 



(p-2) 2 -8 (e i3 + e 24) + fep(e 15 + e 46) + ap(e 25 + ^ 



(p-2)^-12 c i4 



ap(e 15 + e 46 ) - 2e 23 + &p(e 25 + e 36 ^ 



(p+2)(p-6) 56 
2 ' 



14 _ e 2 3) 



&p(e 13 + e 24 ) — ap(e 

3(p+2) 2 ^16 _ e 45 

-2e 14 + ap(e 15 -+ 
ap(e 13 + e 24 ) + bp(e u - e 



(p+2)(Sp-6) ^15 



(e 15 + e 46 ) 



(p-2) 2 -12 „23 
2 



, -' - bp(e 25 + e 36 ) 



(p+2)(p-6) 56 
2 ' 



(p+2)(5p-6) ^25 _|_ e 36-j 



3(p+2) 2 ^26 



where e 6 denotes the 1-form dt evaluated at t — 0, and they are linearly independent if and only if 
p ^ 2, 6. Moreover, if p = a 2 + b 2 = 2 then (Ve Vs Ql)u= = - 288 (e 12 ~ e 34 ) and 



0i dt 

(V|fi|)| t=0 = 12 6 (e 13 + e 24 ) - 12 a (e 14 - e 23 ) - 96 (e 15 + e 46 ), 
(V^fi|), s=0 = 12 a (e 13 + e 24 ) + 12 b (e 14 - e 23 ) - 96 (e 25 + e 36 ), 



which implies that Vo Vs fi^, fijj, fq, Vs fii, fig, fi?, V a fig and fil are linearly independent at t = 0. 
For the remaining case p = a 2 + b 2 = 6, since 

(V s fi}V = 536 e 14 - 96 a (e 15 + e 46 ) + 40 e 23 + 96 b (e 25 + e 36 ) - 5 76 e 56 , 

dt ' 

we have that the forms fi|, Ve_£l\, fig, fig, fi|, fif and fig are independent at t = 0. Therefore, any 
left-invariant hypo-contact structure on the Lie group H4 gives rise to a metric with holonomy SU(3). 
For the family ([25]) a solution of the hypo evolution equations is given by 



r,(t) =i/'(t)e 5 , cu 1 (t) = f(t)^ 2 +e 3 % 

wa(*) = e 13 - 7%e 24 , ^(t) = /(t) (e 14 + e 23 ), 
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where f(t) satisfies the differential equation 

2r 2 + f + ff'f" = 

with initial conditions /(0) = 1 and /'(0) = 2. After performing a first integration, one obtains the first 
order differential equation 

_ (8 + 2r 2 ~2r 2 / 3 (t)) 1/3 
' W ~ fit) 

with initial conditions f(0) — 1, so there exists a unique solution f(t) defined on some open neighbourhood 
I around t — 0. A similar computation as above shows that the holonomy group of the metric associated 
to the corresponding integrable S'C/(3)-structure on H 5 x I is again equal to SU(3). In fact 

(«^)|« = ^(^e 14 - e 23 - ^e"), = _ (r!±£K^ (e i5 + g 4 6) 

= 3i 4^(e 16 - e 45 ), (n§)|« = -^(e 14 - ^e 23 + ^e»), 

(n§)|« = + e 36 ), (^I)U =Q = - fr a +*y-"> (e* - e»), 

where again e 6 denotes the 1-form (it evaluated at i = 0. Moreover, 

^^)u= (r2+4)(r B 2fa+16) (e 12 -^), 

(v^n| )|t=0 = - ( - 2+4)(5 -;- 8 " 2+48) ( e 15 + e«), 

(V^17 2 )| t=0 = -!f±4 (( r + 4 )(r - 4)e 14 - (r 4 - 3r 2 + 32)e 23 + (r 4 - 4r 2 + 48)e 56 ) , 

(V*LOl) |t=0 = - il!±lK^l!±M (e26 _ e 35 } . 

A direct calculation shows that, for each r, eight of the twelve 2-forms above are linearly independent. 
Finally, for the the family (|21|) , a solution of the hypo evolution equations is given by 

V (t) = §/'(i)e 5 , Wl (t) = \P{t)f{t) e 12 + pf_ e 3 4j 

t02(t) = i/ 2 (t)/'(t) e 13 - 7% e 24 , W3 (t) = f(t) (e 14 + e 23 ), 

where f(t) satisfies the differential equation 

12r 2 + //' 4 + / 2 /' 2 /" = 

with initial conditions /(0) = 1 and /'(0) = 2. Equivalently, f(t) must satisfy the first order differential 
equation 



f(t) = j^Vl + r 2 -r 2 p(t) 

with initial conditions f(0) = 1, so there exists a unique solution /(£) defined on some open neighbourhood 
/ around t — 0. One can prove that the holonomy of the resulting metric on _ff 2 x / is again SU(3). 

\qed\ 



6 Metrics with holonomy G2 

Let H be a simply connected solvable Lie group of dimension 5 with a left-invariant hypo-contact struc- 
ture. In order to prove Theorem 1 1.3i we study first the induced half-flat structures on the total space of 
a circle bundle over H. In particular, we will show that many hypo-contact structures on H define not 
only the natural half-flat structure on the trivial bundle H 5 x R but also another half-flat structure on 
a non-trivial ^-bundle, which allows us to construct a metric with holonomy G-i- 
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Let us recall that Hitchin in [T3] proved that if M is a 6-manifold with a half- flat structure (F, \& + , 
which belongs to a family (F(t), \&+(t), of half-flat structures on M, for some real parameter t 

lying in some interval / = (t_, t+), satisfying the evolution equations 

(39) { d ^+^=dF{t), 

\ F(t)Ad t (F(t)) = -M_(t), 

then M x I has a Riemannian metric whose holonomy is contained in G 2 . In fact, it is easy to check that 
the 4- forms (p and *ip given by 

<p = F(t) Adt + *+(£), *P = tp-{t) Adt + 7}F(t) 2 , 

are closed. 

Next, we show that a solution of (hypo) evolution equations produces a solution of Hitchin evolution 
equations. Let TV be a 5-manifold with a hypo structure (77, u>i) which belongs to a one-parameter family 
of hypo structures (j](t), for some real parameter f e J, satisfying the (hypo) evolution equations 

(f38l) . Then, we know that an integrable S't/(3)-structure (F, *_) on M — N x I is given by 

F = r)(t) A dt + oj 3 (t), * = (wi(t) +iu 2 (t)) A (rj(t) +idt). 

On the other hand, Proposition l2~2l implies that the S'f7(3)-structure (F, >3> + , vj/_) n M = N X R given 
by 

F = A^i + /iw 2 + ?y A e 6 , <I> + = (-/xwi + A lj 2 ) A ?/ - lu 3 A e 6 , = {—[iui + Aoj 2 ) A e 6 + w 3 A 77, 

is half-flat for A, fi G R with A 2 + /i 2 = 1. Moreover, using again Proposition 12.21 we have the one- 
parameter family of half-flat structures (F(t), ^+{t), ^-(t)) on M — N x R defined by 

r F(i) = Awi(i) + /jw 2 (t)+?7(t)Ae 6 , 

(40) i = (-MWi(*) + Awa(*)) A#)-w 3 (t) A e 6 , 

[ ¥_(*) = (-/*wi(t) + Aw2(*)) Ae 6 +w 3 (i) A77(i), 

where e 6 (i) = e 6 , for any t. 

Proposition 6.1 The family (F(rj),* + _(*)) of half-flat structures on M = N x R given by (J40J) is 
a solution of the Hitchin evolution equations (|39p . 

Proof : Clearly, dF(t) — X duji(t)+ fi dui2(t) and from equations (|38|) we have 9t v E'+(<) = dF(t). Moreover, 
since (!*_(/;) = (-/xcLi(t) + AtL 2 (i)) A e 6 + d(w 3 (t) A 77 (t)) and 

F(t) A d t F(t) = ift((Awi(t) + /iw 2 (t)) 2 ) + [Afle(wi(t) A r?(*)) + MM*) A rj(t))] A e 6 , 

the second equation in (f3"9")) is satisfied if and only if 

d(w 3 {t) A n(t)) = -ift((Awi(t) +/jw 2 (t)) 2 ). 

But, from (JTJ) and A 2 + /i 2 = 1 we get (Awi(t) + /jw 2 (/;)) 2 = w 3 (i) A w 3 (i), and therefore 

ift((Ao;i(t) +^ 2 (*)) 2 ) = \d t {w 3 {t) A wa(t)) - w 3 (*) A d t cj 3 (i) = -w 3 (t) A d»j(t) = -d(u; 3 (i) A rj(t)). 

\oM 

We must notice that this result, which is also used in [10] . implies that the holonomy of the resulting 
G 2 -metric on M x I is contained in SU(3), because it is actually a product metric. This fact justifies our 
study of half-flat structures on non-trivial circle bundles (see Remark l(T2l below) . 
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Let f) be a solvable 5-dimcnsional Lie algebra with a hypo structure (77, u>\, cj 2) ^3). Consider the 
extension t = f) ® Meg, with eg such that the Jacobi identity is satisfied. The 5'C/(3)-structure on t 
defined by 

F = Xlux + [LUJ2 + e 56 , * + = (-/jwi + Xaj 2 ) A e 5 - w 3 A e 6 , = (-// + A w 2 ) A e 6 + w 3 A e 5 , 

with A 2 + ^ 2 = 1, is half-flat if and only if d(F A F) = 2(Xlu 1 |p 2 )Ae 5 A (de 6 ) = and = 
— 0J3 A (de 6 ) = 0. From these equations one has that 

de 6 = ai e 12 + a 2 e 13 + a 3 (e 14 - e 23 ) + a 5 e 24 + a 6 e 34 , 

with A(ai + ag) + /u(a 2 — &s) = 0. Then d(de 6 ) = only in the following cases: 

1. de 6 = for all the families; 

2. de 6 = a\e 12 + a 2 e 13 , with Aai + ^a 2 = for the family (|2"Tj) : 

3. de 6 = a 2 (-^e 12 + e 13 ) for the family ([23]) with /i = ^A; 

4. de 6 = aie 12 for the family (J2J} with A = 0; 

5. de 6 = a 2 e 13 for the family (J25J) with fi = 0; 

6. de 6 = ai(e 12 + ^e 13 ) for the family ^ with A = -ffi. 

Remark 6.2 Notice that the previous cases 2-6 give a classification of the half-flat structures on 6 which 
are a non-trivial extension of the hypo structure on rj. 

Proof of Theorem 1 1.31 : For the non-trivial S^-bundle K associated to the family (|24|) with A = 0, n = 1 
and de 6 = aie 12 , one has that a solution of the evolution equations (|39|) is given by 

F(t) = f(t)(e 13 ~e 2i ) + k(t)h(t)e 56 , 

*+(*) = -f(t) 2 k(t) 2 e 125 - e 345 - f(t)h(t)(e 146 + e 236 ), 

*_(*) = -/(t)^(t)fc(t)e ia8 - ^|e 346 + fc(t)/(t)(e 145 + e 235 ), 

where /(i), fc(i), /i(t) are functions satisfying the system of ordinary differential equations 

( (fh)' = 2kh, 

(f 2 k 2 )' = ai kh-2(a 2 + b 2 )f, 
I ff' = 2kf + e£, 

and the initial conditions /(0) = fc(0) = h(0) = 1. This system is easily seen to be equivalent to 
(41) 1 ~ 2k+ 2kf h ~ 2kf 2 > * " kf 

and thus by the theorem on existence of solutions for a system of ordinary differential equations, there 
exists an open interval I containing t = on which the previous system admits a unique solution 
(/(t), k(t),h(t)) satisfying the initial condition /(0) = fc(0) = h(0) = 1. 

For a = b = 0, the 5-dimensional hypo-contact Lie algebra is the nilpotent Lie algebra t)i and a 
solution in this case is given by 

01 = 2, f(t) = (1 + 5*)*, h(t) = (l + 5t)~i, fe(*) = (1 +5*)-*. 

The corresponding metric with holonomy G 2 that we obtain is the one found in [6] . 
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For a 2 + b 2 ^ and ai — 2, the corresponding metric g(t) on K x /, where if has structure equations 

de 1 = de 2 = 0, 

-be 14 -be 23 + ae 24 -(a 2 +b 2 )e 25 , 
ae 14 - {a 2 + b 2 )e 15 + ae 23 + be 24 , 
de 5 = ™2e 14 - 2e 23 , 
de e = 2e 12 , 

is given by 

g{t) = /(^((e 1 ) 2 + (e 2 ) 2 ) + ^((e 3 ) 2 + (e 4 ) 2 ) + *(<)V) a + M«)V) a + (dt) 2 . 

The metric g(t) has holonomy Gi for (a, 6) in a small neighbourghood around (0,0), since the solution 
(f(i), k(t), h(t)) of the system (HIT) depends continuously on the parameters a and b, and for a = b = 
the holonomy of the corresponding metric is G2. 

For the non-trivial extension on the Lie group K associated to the family (|25[) with fj, = 0, A = 1 and 
de 6 = d2e 13 , one has that a solution of the evolution equations ([39]) is given by 



F(t) = f{t)(e 12 + e 34 ) + k(t)h(t)e 56 , 

*+(<) = f(t) 2 k(t) 2 e 135 - e 245 - f(t)h(t)(e 14e + e 236 ), 

*_(*) = /(t) a M*)*(*)e 138 - J^e 246 + /(t)fc(t)(e 145 + e 235 ), 

fc(i) 

where /(i), fc(i), /i(t) are functions satisfying the system of ordinary differential equations 

(42) r- 2 k-^ h'-^- k'- r2 + 4fcS 

(42) / _i * 2fc/' h " 2fc/ 2 ' * ~ 2kf ' 

and the initial conditions /(0) = fe(0) = /i(0) = 1. Thus by the theorem on existence of solutions for a 
system of ordinary differential equations, there is an open interval / containing t = on which the previous 
system has a unique solution (f(t),k(t),h(t)) satisfying the initial condition /(0) = fc(0) = h(0) = 1. 
Since the system (B2"j) for r — and 02 = —2 coincides with the system (jlT]) for a = 6 = and a\ = 2, we 
can use the same argument as for the previous family to prove that in a small neighbourghood around 
the corresponding metric g(t) on K x / has holonomy G2. In this case, K has structure equations 

= 0, de 2 = re 34 + 4e 35 , de 3 = re 13 , 
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2 

e 15 + re 23 , de 5 = -2e 14 - 2e 23 , de e = -2e 13 , 



and the metric g(t) is given, in terms of the basis (e , . . . , e 6 , dt) by 

git) = f(tfk(tW? + (e 3 ) 2 ) + ^ ((e 2 ) 2 + (e 4 ) 2 ) + fe(*)V) 2 + ft(t)V) 3 + {dt) 2 . 



\qed\ 



Remark 6.3 Note that the 6-dimensional solvable Lie groups K (with a 2 + b 2 7^ 0) and K (with r^O) 
are not isomorphic, since 6 2 = for the first family while t 2 7^ for the second one. For a = b = and 
r = one gets the same 6-dimensional nilpotent Lie group. Moreover, taking into account the explicit 
isomorphisms given in the proof of Theorem ll.il one can see that for any (a, b) 7^ (0, 0) the solvable Lie 
algebra 6 is isomorphic to 



da 1 = -a 14 , da 2 = -a 25 , da 3 = a 34 + a 35 , da 4 = da 5 = 0, da 6 = 



45 



and that for any r 7^ the Lie algebra t is isomorphic to the product f)5 x R, f) 5 being the solvable Lie 
algebra of Theorem 11.11 
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Remark 6.4 From the proof of Theorem 1.3 above, we see that one can ensure that the holonomy of 
our examples equals Gi when the parameters a, b, r are sufficiently close to 0. To our knowledge, there 
is no similar result in the literature about existence of metrics of holonomy equal to G2 neither on K x / 
nor on K x /, so in this sense our result provides new spaces of Gi holonomy. 
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